ON RAMANUJAN CUBIC POLYNOMIALS 
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Abstract. A polynomial x 3 + px 2 + qx + r with the condition pr 3 + 
t> ' 3ra + q = we call a Ramanujan cubic polynomial (RCP). We study 

different interest properties of RCP, in particular, an important role of a 

<r \ ' parameter — . We prove some new beautiful identities containing sums 

of 6 cubic radicals of values of trigonometrical functions as well. 

£SJ ' Paper is deducated to the 120 — th anniversary of Srinivasa Ramanu- 

jan. 
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In his second notebook [I], S. Ramanujan proved the following theorem. 

Theorem 1. (\Q, p.325;^Z\). Let a, (3 and 7 denote the roots of the cubic 
>• equation 

(N 

m ' (1) x 3 - ax 2 + bx — 1 = 0. 



o 



% 



Then, for a suitable determination of roots, 

(2) a* + /?i+ 7 3 = (a + 6 + 3£)^, 
and 

(3) (aP)* + (J3i)* + (jo)* = (6 + 6 + 3*), 
wiere 

(4) t 3 - 3(o + b + 3)t - (06 + 6(a + 6) + 9) = 0. 

A proof of Theorem 1 can be found in paper [2] . Evidently, the simplest 
condition for successful application of Theorem 1 is the condition 
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(5) a + b + 3 = 
that implies 

(6) t= {ab + Q{a + b) + 9)^ = (o6-9)3. 
If, for real nonzero r, to consider 

(7) Xi = —r^a, x 2 = —rs/3, x 3 = —7-37 
and denote 

, . 1 2 

(8) ars = p, 6rs = q 

then in the real case by (CO)-® we obtain the following result. 
Theorem 2. Let p,q,r,&M., r^O such that 

12 

(9) prz + 3ra + q = 0, 
and let tie polynomial 

(10) x 3 + px 2 + qx + r 
have real roots xi,x 2 ,x 3 . Then 



3 ) 3 



Tl) xl + x| + xf = (— p — 6rs + 3(9r — pq) 

and 



(12) (£1^2) 3 + (^2^3) 3 + (^3^4) 3 = (q + 6rs — 3(9r 2 — pqr)z)z , 

Notice that Theorem 2 was proved directly in [6]. Notice also, that ffT2l) 
can be written in the form 



111 



1 , _ 2 _ ,_ r, ,11 

13)3. 



(13) x 1 3 + x 2 3 + £3 3 = r 3 (— g — 6r 3 + 3(9r — pqr) 1 - 

In connection with Theorem 2 we introduce the following definition. 
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Definition 1. Let p,q,r G R, r ^0. The cubic polynomial (TU) is called 
a Ramanujan polynomial (RCP) if it has real roots and the condition (Tj|) is 
satisfied. 

In this paper we study various properties of the RCP and present some 
new identities. 

2. SOME EXAMPLES 

Example l.The polynomial x 3 — 3x 2 — 6x + 8 is an RCP with roots 
1, -2,4. Thus, by flEED we have 

1-23 +4^ = (-9 + 9-2^ 
and therefore 



It is a Ramanujan's original identity (see[5],p.331). 

Example 2. Ramanujan ([3j, p. 326, [I]) offers the following identities: 

2^\^ / 4tt\5 / 8tt\5 /5_3.75 Xl 



(15) (cOSy) + (cOSy) + ( COS y 



2ttV / 4tt\3 / 8tt\3 /3-93-6 X " 



(1 6 ) [COS—J +[C0S—) + (^OSy 

Notice that (see, e.g., [6]) 



2vr\ /" 4n\ ( 8tt\ 3 1 2 1 1 



(17) I x — cos — 1 [ x — cos — 1 [ x — cos — = x H — x x — 

1 7 7 V 77V 77 2 28 



2tt\ / 4vr\ / 8tt\ - 3 1 

— cos — \ \ x — cos — ) \ x — cos — = x x H — 

9 7 V 9 / V 97 4 8 

and both polynomials are RCP S . Thus, by ( TTTj) we obtain (TT5l) and (TTBl) . 

Besides, using (jT3j), tfTTI) and (TIB1) we find 
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(19) ( sec y) +( v sec y) + ( v sec y) =(8-6-73 x 

(20) (^ec T j +^ec T J + (^sec y J = (6(9* - 1. 

Example 3. Quite recently R.Witula and D.Slota [7] found, in particu- 
lar, the following decomposition 

x 3 + 105z 2 + 588x - 343 = 

fOl\ l O ' 6 27r ^ o • 6 4 ^ 8vr V o • 6 87r 27r N 

(21) = (x — 2 sin — cos — ) (x — 2 sin — cos — ) (x — 2 sin — cos — ) 



This polynomial is an RCP. Therefore by ( ITTj) and (TT3T) we obtain the 
following identities (the first of them is presented in [7]) 

i i 

2 27T / 47r\ 3 . 2 47T /_ 8ir\ 3 



sin — 2 cos — + sin — 2 cos — + 
7 V 7 / 7 V 7 



1 



/ s 9 87T / 27T \ 3 1 / 1. \ 3 

(22) +sin 2_/ 2 cos y J = --(63(1 + 75)) ; 

2 2tt / 47r\ 3 2 4vr / 8tt\ 3 

esc -— 2 sec — - + esc -— 2 sec -— + 

7 v 7 ; 7 v 7; 

(23) +csc 2 ^( 2 sec^ l = 7(441(2-7l)) 1 

3. SOME PROPERTIES OF RCP S 

Theorem 3. If x 3 + px 2 + qx + r is an RCP with roots Xi,x 2 , x 3 then 

1) For any a el, a^O, the polynomial 



x 3 + apx 2 + a 2 qx + a 3 r 

is also an RCP with roots ax\, 0x2, (1x3. 
2)The polynomial 

x 3 + qx 2 + (pr)x + r 2 
is also an RCP with roots 
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/y ry> ry-i 



3)The numbers 



X\ ' x 2 ' x 3 



2 2 2 

f 3 r 3 r 3 



are a permutation of the numbers 

[I 1 1 

<r 3 — £1, rs — X2, T3 — £3 

4) a < f. 

Proof.l)-2) Straightforward. 
3) Let 

(a; — (xi — r3))(x — (x 2 — r 5 ))(x — (x 3 — r 5 )) = re 3 +pix 2 + q-^x + r x 
After some simple calculations we have 



Pi = p + 3r3 

1 
qi = q + 2pr 3 + 3r 



1 2 

r x = r + qrz + pr$ + r. 



Using (jHD we find 



g 1 

(24) p! = r , qi =pr3, n = — r 

7"3 

Now we see that ([9]) is satisfied for numbers ( 1241) : 



1 2 

Pir-f + 3r x 3 + gi = 0. 

„3 1 _ ™2 



i.e. the polynomial x + p x x + g x x + r x is an RCP with the roots X\ — 



111 
rs, X2 — r3, X3 — rs, 



According to 1) for a = — n we notice that polynomial x 3 +qx 2 + (pr)x+r 2 
has the roots 



rs(r3 — x\), rs(rs — X2), rs(r3 — x 3 ] 
On the other hand, by 2) it has the roots \ — , — , — > and 3) follows. 

I X\ X2 3^3 J 
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4) Notice that, the condition (jHJ) yields 

(25) m = .fp r Y 3 fp r 

Thus, 

» w 9 + 3^ + (-S-Y = (§ + -S-Y > <>.■ 

4 t 4 7~3 \r 3 / V r 3 / 
Example 4. By 1) of Theorem 1 together with the RCP (fP7|) we have also 

the RCP x 3 + x 2 - 2a; - 1 with the roots xi = 2 cos ^-, x 2 = 2 cos y, x 3 = 

2cos^. 

2 

Example 5. For the RCP from Example 4 we have ^- = | sec y 1 > 
while r3 — xi = — 1 — 2 003^ < 0. Therefore, the permutation in 3) of 
Theorem 1 is not identical. We verity approximately by a pocket calculator 
the precise equalities 

— = 1 + x 3 , — = 1 + Xl, — = 1 + x 2 . 
Xi x 2 x 3 

Example 6. Analogously, by (lisp we have the RCP x 3 — 3x + 1 with 

2 

the roots x\ = 2 cos ^, x 2 = 2 cos ^, x 3 = 2 cos ^-. Here ^ = | esc ^ > 
while r3— xi = l — 2 cos ^ < 0. Therefore, the permutation in 
3) of Theorem 1 again is not identical. We verity as above that 

1 1 l 1 l 1 

— = 1 - x 2 , — = 1 - x 3 , — = 1 - Xi. 

Xi x 2 x 3 

4. A NEW FORMULA AND IDENTITIES 

Theorem 4. In the conditions of Theorem 3 the following formula holds 



P<7_ 9 \3 



/ x f x i\ 3 fx 2 \ 3 /2:1V /x 3 V fx 2 \ 3 fx 3 \ 3 ( 

Proof.Denote X the left hand side of ( |26|) . Notice that, in [6J it was shown 
that (jHJ) yields the following identity for the roots of RCP (TTU1) : 



, , „ I Xi X 2 Xi x 3 x 2 x 3 

27 x=( — + — + — + — + — + — 

\X 2 Xi X 3 Xi x 3 x 2 

Thus, we have 
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I - cy ry ry cy c\ 0\ \ 1 

X = ( (X 1 X2 + X 2 X\ + X x Xz + XnX\ + X 2 Xz + X 3 X2) — 6) 5 = 

r 

(28) = (-— ((xi + x 2 + x 3 ) 3 - (x? + x 3 + s|) - 6x1X2X3) - 6)i 
As is well known (see, e.g. [3]) 

(29) x\ + x\ + X3 = a\ -3a l a 2 + 3a 3 , 

where <Tj = cr i (xi,X2,X3), z = 1,2,3, are the elementary symmetric 
polynomials. For RCP ( TTUl) we have 

(30) in = -p, a 2 = g, a 3 = -r. 
Now by (!28l - (l30l) we complete the proof: 



1 / _3 , .3 ,, , ,, , R , «V _ (PI aY 



X= I - — (-p d + p A - 3pq + 3r + &r) -6 J = ( — - 9 

Example 7. Using the RCP (fTTTKffTBT) by Theorem 4 we find the following 
identities: 

/cos^V /cos^V /cos^V /cos^V 



(31) + ~ £ + — & = ~ 1 *> 

\ cos y J \ cos y J 

/cosf y /cosf y /cosf y /cosf y 

32 + &■ + 1) =-93. 

\ cos ^ / \ cos y J 

Example 8. Using RCP(J2ID we find 

sin^\ 2 /cosfy /sinf \ 2 /cos^^^ 



sin^y Vcos^/ Vsin^/ \cos^ 
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iZEX 2 /™ C 8lL\ 3 /oir, 8lL\ 2 /™ c 2zl 



:i 



. , / sin f \ / cos ^r \ * f sin ^f- \ / cos ^ \ J i 

5. ON RCP WITH THE SAME VALUE OF ^ 

r 

Theorem 5. If for two RCP S 

y 3 +Piy 2 + qiy + n, z s + p 2 z 2 + q 2 z + r 2 

the following condition holds 

Plgl _ P2Q2 

r l r 2 

then for its roots 2/i, 2/2) 2/3J z i-,z 2 , z 3 the numbers 



m m m y-s y2 y3 

V2 2/i ' 2/3 
are a permutation of the numbers 



2/2' 2/1' 2/3' 2/i' 2/3' 2/2 



21 ^2 ^i ^3 ^2 ^3 

? ? ? 1 ? 

Z 2 Z\ Z 3 Z\ Z 3 z 2 

Proof. Evidently, it is sufficient to prove that if xi, x 2 , x 3 are roots of RCP 
TUT) then the numbers 



(34) ei = - + (-r\ 6 = - + (-r\ e 3 = - + (-r 1 

x 2 x 2 x 3 x 3 x 3 x 3 

depend on — only. 
For elementary symmetric polynomials of ^1,^2,^3 we have 

(35) £1 + £ 2 + £3 = — {x\x 2 + x\x\ + x\x 3 + x\xi + x\x 3 + XgZi) 

and as above fdZHD-dZSD) we find 



(36) ei + 6 + 6=-~3. 

r 

£16 + £16 + £26 = —{-r{xl + x\ + x\) + (x Y x 2 f + (xix 3 ) 3 + (X2X3) 3 - 
—r[x\x\ + X2X 2 . + ^1^3 + x\x\ + X2X3 + x 3 x 2 )). 
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Using (|35l)-(l36l) and taking into account that by (l29j).(|30l) 

x\ + x\ + x\ = —p 3 + 3pq — 3r, 

{xix 2 f + (xix 3 ) 3 + {x 2 x 3 f = -(p*) 3 + 3p*q* - 3r*, 
where 

p* = ~{xix 2 + £1X3 + x 2 x 3 ) = -q, 
q* = x\x 2 x 3 + X\x\x 3 + X\X 2 x\ = Xix 2 x 3 (xi + x 2 + x 3 ) = pr, 
r* = -(xix 2 x 3 ) 2 = -r 2 , 
such that 

(xix 2 ) 3 + (xix 3 ) 3 + (x 2 x 3 ) 3 = q 3 - Spqr + 3r 2 , 
we have 

(37) 66 + 66 + 66 = 4- ~ 24. 

r 

It is interesting that, only for proof that 666 depends on — , we use 
condition (J9j). Indeed, by ( 1M1) we have 

666 = — (#i + A, + x l) {{x\x 2 f + (xix 3 ) 2 + (x 2 x 3 ) 2 ) - 1. 



Taking into account that 



x\ + x\ + x\= p 2 — 2q 



(xix 2 ) 2 + (xix 3 ) 2 + (x 2 x 3 ) 2 = (p*) 2 - 2q* = q 2 - 2pr 
we find 

(38) 666 =(«) 2 + 4(™)-l-2^. 

Since by © 



1 2 

prs + g = — 3rs 



then we have 



ON RAMANUJAN CUBIC POLYNOMIALS 10 



p 3 r + q 3 1 



qn£i iy»i 



(pr a + q)(p r 3 — pqr 3 + q 



= -(prs + q) 2 — 3pqrs) = 

r 3 

3,i Is 

= -(9r3 —3pqr3). 

Now according to (|38|) we find 

(39) ei66=(y-7) 2 + 4. 

Thus, by ( 13T)|) . (13T1) and (I3"9"j) the numbers ^i , ^2 , ^3 dM]) are the roots of 
the following polynomial 

(40 ) f _^_3 )e2 + 4 (^_ 6)c ^^_ 7 ) 2 + 4 ) 

and, consequently, they depend on y only.B 

Notice that, using ([251) we see that the numbers a a a a a a d e _ 

7 O \1 V X2' Xl' X3' Xl' X3' X2 

pend even on \ only. 

Example 9. Together with decomposition ffTTl) with 22 — 2 in [7] the 
following decomposition was found: 

7x 2 - 98x - 343 = 

2tt / 2tt 8tt\ 3 \ / 4tt / 2vr 4tt\ . 

x — 128 cos — I sin — sin — I Ma; — 128 cos — I sin — sin — | i 

47T 87T S 

sin -— sin — - 

7 7 

It is an RCP with also — = 2. Hence, by Theorem 5 the numbers 
cos 3* /sin^N 3 cos^ /sin4f\ 3 cos ^ /sin y^' 




4-7T l • 4-7T I ' 2-7T I • 8-7T I ' 87T I • 4lT 

COSy \Siny/ COSy \Siny/ COSy \Sllly 

cosy /siny\ cosy /shiy\ cos y /shiy' 



2-7T l • 2-7T / ' 87T I • 8ir I ' 4-7T I • 2n 

COS y \SlHy/ COS y \SlIly/ COS y \ Sill y 

are a permutation of the numbers 

COS y COS y COS y COS y COS y COS y 

COS y COS y COS y COS y COS y COS y 
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To get the corresponding equalities, it is sufficient to verify approximately 
by a pocket calculator that 



COSy 


/sin^\ 3 cosf 


cos^f ^sin^p 


3 


4-7T 

COS y 


cos^ 


Vshi^y cosf 

cos 4^ ^sin^ 
cos^ Vsin^ 


cos^f \sinf , 

\ 3 cos f 
) "cosf 


1 ~ 


2-7T ' 

COSy 



(41) 

etc. 

Notice that, in [7] R.Witula and D.Slota found some other RCP S with 
roots which depend on sines or cosines of arguments ^-, 4r, y 1 . However, 
it is interesting that, as we verified, for them y assumes only the values 
2,-40,-180. 
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